We study the collision of a brane with a black hole. Our aim is to explore the topology changing process of perforation of a brane. The brane is described as a field theoretical domain wall in the context of an axion-like model consisting of a complex scalar effective field theory with approximate U (1) symmetry. We simulate numerically the dynamics of the collision and illustrate the transition from the configuration without a hole to the pierced one with the aid of a phase diagram. The process of perforation is found to depend on the collisional velocity, and, contrary to our expectation, we observe that above a critical value of the velocity, the black hole has no chance to perforate the wall. That is: high energy collisions do not assist piercing. We also show that, only when the model parameters are fine-tuned so that the energy scale of the string is very close to that of the domain wall, the collision of the wall with the black hole has a possibility to provide a mechanism to erase domain walls, if the hole expands. However, in such cases, domain walls will form with many holes edged by a string and therefore disappear eventually. Therefore this mechanism is unlikely to be a solution to the cosmological domain wall problem, although it may cause some minor effects on the evolution of a domain wall network.
I. INTRODUCTION
A successful theory of brane collisions would provide an essential tool to understand many features, and, on a practical level, to make specific predictions, in the context of cosmology in string/M-theory scenarios, where the Big Bang may be associated to the collision of a pairs of branes. Many aspects of the problem are discussed in Ref. [1] .
The theory of brane collision is being developed mainly in two directions: a geometrical one, based on the DBI action and the theory of minimal surfaces, and the other within a super-gravity approach, by (exactly) solving the time-dependent equation of motion. For both approaches see Ref. [1] and the list of references given there. The problem is also being addressed numerically within an effective field theory context, where the branes are modelled as domain walls (some examples are Refs. [2, 3, 4] ).
In all the works mentioned above, the collision takes place between two branes immersed in a higher dimensional space. Here we would like to modify the starting point, and ask what happens when a brane collides with another 'object', that is not necessarily a brane. The object we have in mind is a black hole.
From the point of view of the brane-universe, this is a natural question to ask, and physical set-ups of this sort can be easily imagined at early stages of the evolution of the universe, where perturbations might have * Electronic address: flachi@yukawa.kyoto-u.ac.jp † Electronic address: tama@scphys.kyoto-u.ac.jp collapsed and formed primordial black holes. Besides, the study of this problem can be motivated from various other directions. A recent one lies in the context of topology changing transition in gravitational systems. A well studied example of this sort is provided by the (merger) transition between a Kaluza-Klein black hole and a non-uniform black string [5, 6] . Such an example presents striking similarities with the system of a brane and a black hole, as it has been recently highlighted in Ref. [7] , where the importance of exploring these phenomena in the context of field theory has been stressed. The reason is that when a change in the topology of the spacetime occurs, the curvature is expected to diverge. Thus, a field theory model would provide a reasonable example to explore the process of topology change in a physical situation free of singular behaviors. Reference [7] proposes a working-model to explore these similarities: a (Dirac-Nambu-Goto) brane attached to a black hole: a brane-black hole system. Related study has also been carried out by the present authors both within a geometrical approach [8] , and in the context of domain walls in field theory [9, 10] .
In this work we wish to explore some other features of the brane-black hole systems, which are important when field theory constructions are employed: when the brane is described as a field theoretical domain wall, topology changing processes depend on the specific field theory model used. Here we will show this explicitly and consider an example where a 'topological process', which is impossible in the set-up considered in Refs. [7, 8, 9, 10] , can be realized: the perforation of a brane due to the collision with a black hole and subsequent nucleation of a string loop on the brane world-sheet. This is evidently relevant in the context of the brane universe, in the terms described at the beginning of this section. For this reason we consider the problem in general dimensions and display the results of numerical simulations in 4D, 5D and 6D.
Let us now turn to the problem at hand: the perforation of a brane. A similar question was investigated in flat space in Refs. [11, 12] . The main point was to show that when there is an approximate gauge symmetry or a series of phase transitions, hybrid topological structures may arise. One example of this sort is provided by domain walls attached to strings, and concrete realizations are provided by axion models, having an exact, spontaneously broken discrete Z N symmetry, embedded in a U (1) group. The vacuum structure presents, due to the discrete symmetry, a degeneracy, and an axion domain wall is a minimum energy configuration which interpolates between two neighboring vacua. In some cases (N = 1), the walls are topologically unstable by quantum nucleation of a hole, whereas N > 1 models are, instead, stable. Despite of this difference, the decay rate of N = 1 walls is exponentially suppressed. Further work, carried out in Ref. [13] , considered gravitational effects and has shown that, as far as 'de Sitter' walls are concerned, the nucleation of one hole is not sufficient to completely destroy the wall, and at least four holes are necessary for this purpose. Interestingly, as the authors of Ref. [13] suggest, this may signal a more generic kind of instabilities of p-branes in supergravity models.
In the present article, we wish to discuss the formation of a puncture on the domain wall as a classical phenomena, occurring due to the collision with a black hole and discuss the topological stability from a classical standpoint. After recalling the main features of the field theory model we employ, we will report on our results about the dynamics of the collision. The complex scalar effective field theory of Ref. [12] is used to describe the field theoretical domain wall. Such model, in principle, allows one to consider the phenomena of perforation. The collision between an axion domain wall and a black hole is then simulated numerically illustrated with the aid of a phase diagram (Fig. 3) .
Before jumping into the calculations we would like to comment on another cosmological scenario for which the process we are about to study is important: the cosmological domain wall problem. It is not our aim to discuss it in detail (a thorough discussion and a list of references can be found in Ref. [18] ), rather, we would like to make some comments on a conjectured solution, proposed in Ref. [17] .
It is well known that domain walls occur in any gauge theory in which a discrete symmetry, not part of the gauge symmetry, is spontaneously broken. Hence, it is difficult to imagine that domain walls, regardless of what the fundamental theory may be, have not been created in the early universe, their presence has, in most cosmological models, disastrous consequences. This is, essentially, due to the fact that domain walls carry too much energy and destroy the prediction of standard Big Bang model [19] . The question is how to avoid their domination over the energy density of the universe.
This problem has been explored extensively, and a range of possible solutions has been considered. Inflation is a popular way out, since it can dilute, over an expanding volume, the energy density of the walls. However, this mechanism may not work if the walls are created at energies below the inflationary scale typically of order 10
16
GeV. Other remedies have been suggested. One example is the 'bias mechanism', discussed in Refs. [19, 20, 21] , which introduces a small difference in the energy density of the vacua on the two sides of the wall. As a result, the wall may collapse. This mechanism, however, suffers from some limitations, and in realistic models, instead of decaying, the walls may form stable bound state structures [22] . High temperature symmetry non restoration, dissipation due to interaction of the walls with the surrounding matter, and many other possibilities have been discussed in the literature (see [18] for an extensive review), but, to the best of our knowledge, none of the possible remedies proposed so far seem to have a 'universal' character that cures the domain wall problem in a general and model independent way. This leaves space for discussion of other mechanisms, and here we would like to comment on the one proposed in Ref. [17] . The idea is that, interacting with primordial black holes, the domain walls are perforated and a hole forms. Since the process is classical, and thus may not be suppressed, the subsequent expansion of the hole may provide, in principle, an efficient way to get rid of the walls.
Although, at first glance, the mechanism may seem attractive, when considering specific realizations, one can easily argue that it may only work in cosmologically relatively safe situations. The reason is simply that a hole, when created, must be bounded by a string. In other words, we must consider an hybrid domain wall-string system, like those arising in axion models, mentioned above. Evidently, the mechanism does not work in the case of N > 1 (N essentially tells us how many 'domain wall branches' are attached to the string), since the production of a hole is topologically impossible, i.e. in the N > 1 case the different domains are in different vacua. If a hole is formed, one can go from one vacuum to another without going over a potential barrier, which is impossible for N > 1. In the case of N = 1, there is only one vacua, and the interpolating field configuration goes around the bottom of the potential. The metastability of such walls makes them harmless for cosmology, since the walls rapidly break up as a result of multiple self-intersections and decay into elementary particle and gravitational waves, as discussed in Ref. [12] . A recent review on axion cosmology can be found on Ref. [23] .
The previous considerations make the mechanism proposed in Ref. [17] less appealing (one may also try to imagine more complicated topological processes in the case N > 1, however the simulation we carried out in the case N = 2, 3 suggest the only recombination will take place). However, if the energy scale at which strings form is much larger than that at which domain walls form, inflation can occur in between, and usual dynamical processes will not be an efficient way of destroying the walls. It is, thus, reasonable to ask whether the collision with primordial black holes may enhance the destruction of the wall and compete with other mechanisms in specific examples.
Anticipating the results we will discuss in this paper, the mechanism turns out to be efficient only if the domain walls form at energy scales immediately below those at which strings form. However, in this case the domain walls have a lot of holes edged by a sting from the beginning and therefore are cosmologically harmless. For this reason the mechanism of perforation turns out to be less attractive than it might seem at first sight.
II. AXIONIC BRANES
Axionic domain walls were introduced after Peccei and Quinn proposed a solution to the strong CP problem [14] , and were studied in the context of topological defects and cosmology (See for example Refs. [11, 12, 15, 16] ). The Peccei-Quinn symmetry is a global U (1) symmetry which is broken at an energy scale f θ typically constrained by accelerator experiments and astrophysics, leaving the energy scale f θ to vary within the so called axion window, between 10 10 GeV and 10 12 GeV. This corresponds to constraining the axion mass roughly within the range between 10 −5 eV and 10 −2 eV. Due to the U (1) symmetry, global strings are produced during the symmetry breaking. The axion, initially massless, becomes massive at the QCD scale due to instanton effects. When the temperature, after reheating, reaches values of order of 100 MeV, the potential acquires a non vanishing term:
with θ being the axion field, C a constant of O (1) and N an integer which depends on the detailed structure of the model. The above potential has a Z N symmetry which accounts for domain wall solutions.
Here we will consider a (p + 2)−dimensional effective theory described by the following action:
where
The above effective theory, corresponding to the axion model with N = 1, will be our working model. The complex scalar field Φ is parametrised as Φ = ρ e iθ and θ represents the axion field. This model has a unique vacuum state at |Φ| = η, θ = 0 and no exact symmetry. However the model has an approximate U (1) symmetry for µ 2 ≪ λη 2 , and there are accompanying global string solutions. If the symmetry were exact, the phase θ would change uniformly around the string, but the second term in the potential forces θ to zero, so that all the variation of θ from 0 to 2π is confined to a domain wall centered at θ = π, whose boundary is attached to a string. The thickness of the domain wall ∼ µ −1 is much larger than that of the string core ∼ ( √ λη) −1 . To see the presence of domain wall solutions, it is sufficient to notice that away from the string core, the VEV of Φ is < Φ >= ηe iθ , and the above Lagrangian becomes
which is of the form of a sine-Gordon model. In such a case, plane-symmetric domain wall solutions are well known to be of the form
where z is a coordinate perpendicular to the wall. We record here some useful scaling properties of the above N = 1 axion model. Notice that upon a coordinate dilatation,
the action scales as
It is trivial to see that: we are free to rescale η to unity (in four dimensions, energies will be measured, then, in fractions of η); and that a coordinate dilatation at the classical level corresponds to simultaneous variation of the coefficients λ and µ 2 . We conclude the section by commenting on the generality of the model considered here. It can be easily understood that for the process of perforation to occur, the essential feature is that the brane must be metastable, meaning that the formation of a hole bounded by a string has to be allowed. Therefore the potential must be characterized by at least three quantities: one giving the energy scale at which the domain wall forms; the second being the size of the vacuum manifold that accounts for string formation; and, finally, the height of the potential leading to string formation. All these features are comprised in the above model (4), which depends on three (free) parameters (η, λ and µ) that completely characterize the above three quantities.
The above scaling properties turns out to be a convenient bonus when considering the interaction between a black hole and the domain wall. Defining the ratio of the portion of the wall accreted by the black hole and the mass of the black hole as
the probe brane approximation can be written as
Here R is a typical scale of order of the black hole horizon and σ w ≈ µη 2 is the tension of the wall. Now, in view of the above scaling properties, the quantity ǫ changes as
It is then immediate to understand that the above scaling essentially enforces the probe brane approximation.
It is also easy to see that in a cosmological context the probe brane approximation is valid. If we assume that the wall do not dominate the energy density of the universe, then the following inequality follows (from the Friedmann equation):
Assuming that the size black hole is much smaller the Hubble radius, one recovers the relation ǫ ≪ 1. Having said this, we can now safely move on to the next section.
III. COLLISIONS WITH BLACK HOLES
Axionic branes are metastable, in the sense that a string loop can be nucleated spontaneously and, in principle, can destroy, at least locally, the wall. However, since the nucleation rate is exponentially suppressed (and even if a hole is created, the brane may inflate with a higher expansion rate than the hole), it is not clear whether the brane survives on cosmological time-scales. For this reason, we want to investigate a classical (and thus not suppressed) mechanism of hole nucleation, as the collision with a primordial black hole may be. This process is described by the Klein-Gordon equation for the complex scalar field Φ,
We consider the spacetime of a (p + 2)-dimensional black hole,
Here we could set the horizon radius r H to unity without loss of generality because the scaling property mentioned above. Then the Klein-Gordon equation takes the form
where we have defined Φ ≡ ψ + + iψ − and
The collision process, in the probe brane approximation, is then described by the above time-dependent system of partial differential equations with appropriate boundary and initial conditions. Initially the domain wall is located at a distance z 0 from the equatorial plane of the black hole. The initial configuration can be obtained by using, for example, the relaxation method. This solution will not differ much, as intuition suggests, from the static solution in flat space if z 0 is large enough, i.e., if the brane is far away from the black hole. And, in fact, the relaxed solution, can be compared with the 'flat space' configuration in the limit µ 2 ≪ λη 2 :
ρ(t = 0, r, θ) = η , θ(t = 0, r, θ) = 4 arctan e µ(z−z0) .
Here z = r cos θ. The motion of the domain wall at the initial stages of its evolution (still far away from the black hole) is described by boosting the solution
where γ ≡ 1/ √ 1 − v 2 is the Lorentz factor. The previous expression will describe the initial conditions. In order to determine the evolution of the system we also need to fix the boundary conditions, that will describe the motion of the black hole during the collision far away from the hole. For the numerical simulation 'far away' means several times the horizon size. In the numerical simulation we will take a relaxed flat space solution ψ (v) ± (z, t) as a configuration to describe the initial and infinity boundary conditions. At the horizon the boundary conditions are written as ∂ t ψ ± (t, r H , θ) = 0 , since the lapse vanishes there in our coordinates.
To study the evolution of the system we have to solve the system of PDE (7) . To impose the horizon boundary conditions, spherical coordinates are appropriate. Then we need to treat near the z-axis a little carefully. A convenient way to handle this problem is to use the harmonic decomposition for the angular coordinate. We initially decompose the solution in terms of a complete basis of smooth global functions in the θ direction:
where n is the number of harmonics used. We choose the basis functions φ k (cos θ) to be the Chebyshev polynomials of the first kind, which are regular at θ = 0, π and satisfy the following orthogonality relation (x = cos θ):
(Notice that the normalization for φ 0 differs from the conventional one.) Using the previous decomposition, it is possible to rewrite the evolution equations (7) as follows:
and
The last step of the numerical procedure that we adopt consists of solving the previous equation (9) by means of standard finite difference methods. As a check on our numerical scheme we have evolved the domain wall in flat space, modifying appropriately the boundary condition at the horizon, making sure that the wall propagates smoothly, as it must.
IV. DISCUSSION OF THE NUMERICAL RESULTS
Before turning to the numerical results, it is useful to discuss what is the physically relevant range of parameters. First of all, it can be easily argued that for values of λ below a critical value, domain wall solutions cease to exist. To see this, it is sufficient to notice that the potential has an approximately U (1) symmetric string of vacua. Along the trajectory defined by ℜ(Φ) = ϕ and ℑ(Φ) = 0 (see Fig. 1 ), the potential assumes the form
where θ(x) is the step function. The previous function has two minima, one at φ T = −η, the 'true' one, and one
λ , the 'false' one. Roughly speaking the domain wall configuration interpolates between these two vacua. It is then easy to show that the minima at φ F becomes a saddle point for λ ≃ 8µ 2 /η 2 . In this case the approximate U (1) symmetry is absent and it is obvious that domain wall solutions do not exist. Once the values of η and µ are fixed, 8µ 2 /η 2 gives an upper bound on the critical value λ 1 for λ below which there is no static stable domain wall solution in flat spacetime. Here it is worth discussing an alternative way to estimate the critical value λ 1 . Let us first focus on the flat space case. When we consider a configuration with a hole bounded by a string, the hole may expand or collapse, depending on its size. If there is a stable domain wall configuration without a hole, we can argue that, if a hole smaller than a critical size forms, then it will collapse. On the other hand, if the hole forms with a size larger than the critical one, it will expand. Hence, between these two possibilities, there must be a marginal (unstable) configuration at which the hole neither expands nor collapses. Conversely, if there is no unstable static configuration with a hole bounded by a string, the domain wall is connected to the expanding hole without a barrier. In this case the domain wall configuration without a hole will not be stable.
To see if there exists an unstable static configuration, we make use of the thin wall (Dirac-Nambu-Goto) approximation. In this approximation, we will find that this critical configuration always exists. However, once we take into account the finite thickness of the string, such a solution will be expected to vanish when the sting thickness becomes as large as the radius of the hole. The thickness of the string r s can be estimated from the curvature of the scalar field potential as r s ≈ α/ √ λη, where α is a constant of O(1). To evaluate the radius of the hole for the critical configuration, we extremize the energy of the the static configurations consisting of a pierced brane and a string bounding the hole with radius r,
where µ s ≈ η 2 and σ w ≈ µη 2 are the string and the wall tensions, respectively. The variation of the energy gives the radius of the hole at the critical configuration as
where we have introduced a constant β of O(1). Let us assume that the condition for a critical configuration to exist, after taking into account the string thickness, is given by r s < κr hole with a constant κ of O(1). Then, the threshold value for the stability of an un-pierced wall is estimated as
The dependence on µ and η is the same as before. r 0 marks a critical values, above which a hole will expand and below which it collapses. The above analysis has the advantage that it can be easily extended to the black hole background, which we will now consider taking the domain wall on the equatorial plane of the black hole.
Even if the scales at which strings and domain walls form are very different, and usual dynamical mechanisms do not help to destroy the walls, collisions with black holes may still have a chance to be an effective mechanism, because, when the horizon radius of the black hole is larger than the size of the critical hole, r 0 ≈ β/µ, the domain wall will be perforated. Cosmologically we can expect this to be reasonable if formation of primordial black holes is delayed and occurs at a low scale. This suggests that whether the domain wall is pierced or not seems to be more or less independent of λ. However, this naive expectation is wrong. To show this, we repeat the analysis that we have done above under the presence of a black hole. The expression for the energy (10) is to be replaced with
By varying this expression with respect to r, we find
The coordinate radius of the hole r hole is determined by solving this equation. However, rather than r hole , a more appropriate quantity to be compared with the string thickness r s is the proper distance between the rim of the hole and the horizon,
We can reasonably imagine that, once the string thickness r s becomes larger than ∆, the static configuration of a brane with a floating string will not exist. Then, following the same discussion as in the case of the flat background, domain wall configurations with a hole of any size will become unstable. Comparing r s with ∆(r 0 ), it is easy to see that this occurs for
This tells us that there exists a threshold value λ 2 , above which the black hole cannot pierce the wall. We find that λ 2 differs from λ 1 by the factor r 2 0 /∆ 2 (r 0 ), which is plotted in Fig. 2 against log r 0 . Independent of the value of r 0 , this ratio does not deviate much from unity. When r 0 ≫ 1 (recall that the horizon radius is normalized to unity), the existence of a black hole can be neglected. Then the ratio becomes unity and we have λ 1 ≈ λ 2 . On the other hand, in the limit r 0 ≪ 1, we have λ 2 ≈ (p − 1)λ 1 . In summary, according to the above arguments, we can expect that for λ < λ 1 , there will be no static domain wall configuration; for λ > λ 2 the domain wall configuration exists and cannot be perforated in the adiabatic process. In the intermediate range λ 1 < λ < λ 2 the domain wall exists at a distance from the black hole and can be perforated eventually as it gets closer to the black hole.
It is now time to present the numerical results. How our simulation goes is summarised in Figs. 5-9 , where various snapshots of the evolution of the domain wall during the collision are illustrated. We present both cases where a hole is created and expands or only reconnection takes place. The figures show the evolution of the field components and of the energy density, and, in some case, to emphasize the formation of the hole, we have presented the plots of the energy density from two different viewpoints. The parameters of the simulation have been clipped to n = 40 harmonics, 400 grid points and a maximal radial distance up to 20 times the horizon size. To scan the parameter space we fixed the value of the symmetry breaking scale η to unity and varied µ and λ. The collisional velocity has been sampled from 0.9 down to 0.001 in units of the velocity of light.
Focusing on whether a hole is formed or not, the results of simulations for various choices of parameters are summarized in Fig. 3 . The dots in Fig. 3 are calculated performing the simulation and increasing the collisional velocity at steps of 0.05. The critical value is chosen as the mean point between the last value for which a hole forms and the first for which it does not. The error made in this estimate is taken care of by drawing the dots with a radius of 0.025. The plots are made for three different values of µ; µ = 0.2, 0.4 and 0.8. Interestingly, and contrary to our intuition, in a certain region of λ, we record the presence of a critical velocity, above which the formation of a hole is not observed. Quadratic best fit curve for the critical velocity is also shown for each value of µ. From this plot we can distinguish the parameter space into three regions, as schematically described in Fig. 4 ; (1) domain wall solutions do not exist even in the flat background, (2) the domain wall is pierced by a black hole after collision, and (3) the domain wall is not pierced. Above the 'critical line' the domain wall is stable in the sense that the black hole is unable to pierce the domain wall.
The low velocity limit in this plot will correspond to the adiabatic case that we have discussed above. Hence, λ 2 can be read from this limit of the curves for the critical velocity. When we prepare the initial configurations for the present simulations, the threshold values λ 1 , at which a domain wall solution marginally exists in the flat background, are obtained simultaneously. Thus the obtained numerical values of λ 1 /µ 2 are 36.25, 43.75, 45.31 for µ = 0.2, 0.4 and 0.8, respectively. These values are almost the same as the values read from the large velocity limit of the curves for the critical velocity. For µ = 0.2, r 0 is sufficiently large and the ratio λ 2 /λ 1 is close to unity. While, for µ = 0.8, r 0 is close to unity and the ratio λ 2 /λ 1 is close to 2. These results perfectly agree with the picture presented above. We have performed the same check in four and six dimensions, finding good agreement. We briefly discuss the potential relevance for the cosmological domain wall problem. First of all, we notice that, contrary to our intuition, the collision with a black hole can be an efficient way of getting rid of the domain walls in the region of parameters where the energy scale for the string is very close to that for the domain wall. This is an unexpected constraint found in the present paper. One may think that in a concrete model, the mechanism may compete with other processes in erasing the wall. However, it is easy to see that this is not the case. In fact, it can be argued that generically the perforation mechanism is not a likely solution anyway. Cosmologically N = 1 axion-domain walls are harmless if they are associated with many strings. When two energy scales for the string and the domain wall are very close, it is almost impossible to imagine that only domain walls are formed without forming strings. In simple words, the barrier for the string formation is not very large compared to the energy 'stored' in the walls, and it is reasonable to believe that any dynamical process like wall-wall collisions or fluctuations of the wall will lead to the creation of a hole in the wall. This suggests that the collision with the black holes will not play a major role in the fate of such domain walls, although it may produce minor modifications in the evolution of a domain wall -string system.
V. CONCLUSIONS
Since it was shown that gravity can be localized on a (p + 1)−dimensional submanifold of a higher dimensional spacetime, the idea that 'our' universe could be a 3−brane immersed in a higher dimensional bulk space has been a subject of intensive study.
In this context, it is interesting, not only from an academic perspective, to ask what happens when a collision with a brane occurs. One may imagine that the collision occurs between two branes, as in some stringy cosmological models, or between a brane and a black hole, as it could happen, when considering primordial black holes. This last problem happens to be relevant also in four dimensional standard cosmology, when the brane is interpreted as a cosmological domain wall.
The aim of this paper was to study such a problem, namely the collision between a brane and a black hole in a topologically non-trivial model. The meaning of 'topologically non-trivial' is that processes, different from recombination, can, in principle, occur. Specifically we concentrate our attention to the possibility that the brane is perforated due to the collision. This can occur when the eventual hole is bounded by a string, and, as working model, we consider axion type effective field theories, which account for hybrid defects (domain walls attached to strings), that, in our treatment, will model the brane.
The problem of the collision is investigated by numerically solving the Klein-Gordon equations for the brane in the black hole spacetime. We have scanned the process by varying the parameters of the potential, µ and λ, and this also effectively takes account of varying the size of the black hole, due to the scaling properties of the Lagrangian.
The results of the simulation are characterized, for fixed µ, by two critical values of the parameter λ: λ 1 and λ 2 . The first one gives a lower bound on the existence of a domain wall solution, whereas, the other value, λ 2 , marks the threshold above which the domain wall is stable in the sense that cannot be perforated by the black hole. The critical value λ 2 separates the case where an unstable static domain wall configuration with a hole edged by a sting on the equatorial plane of the black hole exists and the case in which such a configuration does not. When the string thickness r s exceeds ∆, the proper distance between the horizon and the string core, the unstable configuration does not exist. The hole cannot shrink and the domain wall is necessarily pierced. On the other hand, for r s < ∆ a static configuration of a domain wall with a floating string exists. Consequently, the hole when created, is accreted by the black hole. As a result the wall is not pierced.
In the intermediate region between λ 1 and λ 2 , where the domain wall can be perforated, we observe the existence of a critical collisional velocity, v crit , (unexpectedly) above which the domain wall is also stable. This fact is illustrated with the aid of the phase diagram of Fig. 3 . We have numerically evaluated the ratio λ 2 /λ 1 , and compared it with the one estimated from analytic arguments using the static configuration, finding agreement.
Finally, we have discussed the relevance of the above process in the context of a recently conjectured solution to the cosmological domain wall problem. We argue that the mechanism is efficient only when domain walls form immediately after strings. However, in such cases, string formation cannot be suppressed when domain walls are formed, because the potential barrier to overcome in order to have string production is comparable to the energy stored in the domain walls. Hence, those domain walls are quickly eaten up by the expanding holes (formed before the collisions) and disappear anyway. Therefore it seems unlikely that this mechanism plays an important role as a solution to the the cosmological domain wall problem, even though may have a small effect in the evolution of domain wall networks. 
